Textbooks -A Socio-Cultural Perspective
From a socio-cultural perspective the mathematics textbooks can be regarded as an artefact in the broad sense of the term. It is historically developed, culturally formed, produced for certain ends and used with particular intentions. On the one hand, mathematics textbooks can therefore be analysed with respect to their social and cultural imprint. They provide information about the activities that they are involved in. Thus, Dowling's 'Sociology of Mathematics Education' (1998) is based on the analysis of a school mathematics scheme.
On the other hand, the mathematics textbook is involved in the activities of teaching and learning mathematics. Within these activities the modalities of artefacts have structuring effects on their users (cf. Rabardel 2002) . Whereas a number of studies have examined the role of ICT in terms of tool use (cf. Lerman 2006) the constraints that the modality of the mathematics textbook imposes on its users have not gained much attention. This becomes even more striking reading Howsons comment on the role of mathematics textbooks compared to that of ICT: "But despite the obvious powers of the new technology it must be accepted that its role in the vast majority of the world's classrooms pales into insignificance when compared with that of textbooks and other written materials." (Howson 1995, p. 21) In order to gain a deeper understanding of the modality of the mathematics textbooks a qualitative analysis of the structure of German mathematics textbooks is presented in this paper. Furthermore, the cultural imprint on the structures of German mathematics textbooks is revealed.
The Analysis
In their analysis of 418 mathematics and science textbooks from 48 different educational systems Valverde, et al. (2002) distinguish between two structural levels in textbooks: the macrostructure and the microstructure. According to their definition macrostructures refer to "structural features that cut across the entire book" (Valverde, et al. 2002, p. 21) , whereas microstructures are "associated with specific lessons intended for use in a small number of classroom instructional sessions" (Valverde, et al. 2002, p. 21 ).
According to their terminology this paper focuses on the microstructures of German mathematics textbooks for lower and upper secondary level. A total number of 14 mathematics textbooks from the three major branches (Hauptschule, Realschule, Gymnasium) of the German tripartite school system have been analysed. Three major German textbook publishers (Cornelsen, Klett, Schroedel) have been asked for samples of their best-selling textbook series. With one exception (Lergenmüller, Schmidt 2002) , one book of each publisher has been selected for each branch of lower secondary level. For upper secondary level two books have been selected from each publisher, one for lower achievers and one for higher achievers.
The data on the microstructures of the textbooks have been gathered from the initial pages of the mathematics textbooks that introduce the structure of the book to students. As a source for the analysis of the microstructures of mathematics textbooks these introductory pages were preferred to the units itself, because they do not only explain the general structure of the book, but also provide information about the author's intentions concerning that structure. Books that do not comprise these introductory pages were excluded from the analysis. This was especially the case for all the mathematics textbooks designed for the branch 'Hauptschule'.
Since there is no generally accepted terminology it is not possible to simply compare the microstructures of different textbooks directly. Both, the names of the structural elements and the terms that are used to characterize the structural elements differ in every textbook. Therefore, it was necessary to code the information about the structural elements in order to be able to compare the microstructures of different mathematics textbooks. In a first step, categories have Results been generated inductively by means of qualitative content analysis according to Mayring (2000 Mayring ( , 2003 (Maroska, et al. 2004, p. 6) situative conditions The term 'pedagogical functions' refers to functions like 'engaging the student actively', 'informing', 'practising', etc. The notion of situative conditions is twofold. It comprises expected activities as well as suggested contexts of use such as the introduction of new subject matter or homework.
(The kernels are summarized in a box. Because of the concise wording it can be used like a reference book to look up things.
[Translation: SR])
These are:
As aforementioned, the structural elements on the microstructural level of different mathematics textbooks have been coded on the basis of these five categories. Comparing the structural elements of different mathematics textbook reveals that most of the microstructures of German mathematics textbooks comprise the following five elements:
1. a visual characteristic: the box 2. a characteristic in terms of content: kernels 3. a linguistic characteristic: concise wording 4. an expected utilization: to look up things
The object of working through the material was to generate a system of well-defined categories by means of constant revision and refinement. In a second step, the descriptions of the structural elements were coded according to these categories. Each characteristic of a structural element was coded and assigned to one particular category. On the basis of the coded descriptions a comparison of the structural elements of different textbooks has been enabled. Similar structural elements in different textbooks were identified by comparing their categorized and coded descriptions.
worked examples -exercises Some textbooks also offer review exercises.
A compilation of the characteristics of these five elements is given in Tab. 1. It summarizes the results of the coding process that was described in the previous section.
Furthermore, the sequences of the five elements are almost identical in most of the analysed textbooks. Finally, the sequences of the structural elements in the different textbooks were compared. The required data concerning the order of the structural elements within the units of the textbooks was also collected from the introductory pages.
The results of the comparison of the microstructures of German mathematics textbooks are summarized in Tab. 2. In this table similar elements appear in the same column and the order of the elements within the microstructure is maintained in the lines. 1 The characteristics of this element correspond to the notion of 'exposition' as described by Love and Pimm (1996) . Therefore the term was adopted. 2 The characteristics of this element correspond to the notion of 'kernels' as described by van Dormolen (1986) . Therefore the term was adopted. Tab. 2 shows that Howson's conclusion regarding the structure of mathematics textbooks from 8 different countries 3 might be applied to the German case: "There is a great similarity in the way mathematics is presented" (Howson 1995, p. 38) .
Solely the structures of the books 'Mathematik heute' and 'Elemente der Mathematik' published by Schroedel differ from the others. At the beginning of a lesson the two books expose a task with a worked out solution. This solution is worked out much more in detail than the worked examples that are presented in other textbooks in connection with the kernels. Just as the introductory tasks in other textbooks, the tasks with worked out solutions are supposed to engage the student actively and lead him to the kernels. After the task with worked out solution the microstructures of the two books incorporate tasks for consolidation. These tasks provide an opportunity to work over the new material.
The books that were excluded from the analysis for lack of pages explaining the structure of the book, can now be examined with the help of the obtained framework (Schröder, et al. 2003 ) -basically reflect the structure of the framework. In contrast to the other books, the initial part is not a task but an introductory situation that is described.
A socio-cultural analysis of the microstructures of German mathematics textbooks
The similitude of the microstructures of German mathematics textbooks is in need of explanation. What are the origins of this correspondence? To answer this question the following investigation will focus on the pedagogical functions of the structural elements.
From all characteristics of the elements the pedagogical functions seem to be vitally important because of three reasons: 1. The authors seem to attach great importance to the pedagogical functions in their descriptions of the elements. The quantity of pedagogical functions that are mentioned outnumbers all the other characteristics. 2. Most of the German names the authors use to label the structural elements refer to pedagogical functions. 3. The pedagogical functions determine the flow of the units in mathematics textbooks (cf. Klingberg 1972). In order to develop a deeper understanding of the microstructures in German mathematics textbooks the didactical flow, i.e. the progression of pedagogical functions within a lesson, will be compared to two of the most influential German theories of instruction -J. F. Herbart's formal theory of instruction and H. Roth's model of the learning process.
Herbart's "five" formal steps of instruction may be summarized as follows (cf. Rein, et al. 1903) 4 : (H0) objective -engaging the student actively; (H1) preparation -a process of recalling relevant past ideas or memories in order to relate new material to be learned; (H2) presentation -presenting new material by means of concrete objects or actual experience; (H3) association -thorough assimilation of the new idea through comparison with former ideas and consideration of their similarities and differences in order to implant the new idea in the mind; (H4) generalization -the process of conceptualising the new idea and subsuming it into the body of previously acquired knowledge (H5) application of the newly acquired knowledge Roth's model of the learning process has the following structure (cf. Roth 1983): (R1) motivation -a problem is posed and the learning process commences (R2) difficulties -the student encounters difficulties in solving the problem (R3) solution -the solution is found or provided by the teacher (R4) execution -the new procedure or strategy is performed by the student (R5) memorizing and practising -the new procedure is memorized and practised. (R6) integration -using acquired knowledge not in a purely utilitarian way, but so that every learned idea becomes a part of the functional mind and an aid to a clear, vital interpretation of life.
Herbart's theory of instruction is characterized by the idea of apperception and generalization. This becomes apparent in steps (H1), (H3) and (H4). This idea of subsuming new knowledge in a pre-existent body of knowledge is not evident in Roth's theory. On the contrary, he emphasises a phase of resistance that the student encounters in dealing with a new and yet unknown problem. This is obvious in step (R2).
Despite these pivotal differences some crucial ideas are analogous in the two theories. Both of them start with a phase of motivation that has to precede the whole process and end with the application of the acquired knowledge. Furthermore, a phase of presenting new material is intrinsic to both of them.
Comparing the microstructures of German mathematics textbooks to the theories by Herbart and Roth reveals that the characteristics of most of the structural elements in the textbooks correspond to the ideas behind particular steps in the two theories. The framework of a unit in a German mathematics textbook seems to implement basically the structure of Herbart's theory.
In good Herbartian fashion the introductory tasks are characterized by propaedeutic functions. The recall of relevant past ideas, motivational aspects and the idea of engaging the student actively are key features of both, 'introductory tasks' and Herbart's steps (H0) and (H1) respectively. Herbart also points out that a task might be the appropriate means in order to achieve these objectives.
If the introductory tasks are followed by the exposition of the new material this corresponds to the idea of Herbart's step (H2) 'presentation'.
The kernels in mathematics textbooks comprise fundamental results, definitions and theorems. Since mathematics is usually handed down as a deductive theory, definitions and theorems inevitably relate new material to past ideas and thereby conceptualise new ideas. Further characteristics of kernels are their clarity and their conciseness. All these characteristics match Herbart's steps (H3) and (H4). According to Herbart, step (H4) concludes with paradigmatic and generic examples. Likewise, in mathematics textbooks, the kernels are most commonly followed by worked examples.
Finally, just as postulated by Herbart, the lessons in mathematics textbooks end with the application of the newly acquired knowledge.
This comparison reveals that the framework of the microstructures in German mathematics textbooks follows the structure of Herbart's theory. Despite the steps that are comparable in both theories, the microstructures of German mathematics textbook do not seem to incorporate specific aspects that are fundamental to the theory by Roth. Especially, there is no reference to the heart of Roth's theory, i.e. steps (R2), (R3), and (R4).
As pointed out before, the microstructures of the two books 'Mathematik heute' and 'Elemente der Mathematik' published by Schroedel differ from the framework. In both cases the units start out with a task and its worked out solution, followed by tasks for consolidation. However, this structure seems to reflect the heart of Roth's theory. As suggested by Roth, a task constitutes the starting point of the lesson. By providing a detailed solution immediately it seems to be anticipated that the student encounters difficulties in solving the task on his own. Thus, the lesson moves on to step (R3), i.e. the solution of the task. This is followed by exercises for consolidation in order to ensure that the student performs the new procedure or strategy. The lesson proceeds with supplementary material and kernels in a Herbartian manner.
Consequently the structures of these two books published by Schroedel incorporate fundamental aspects of both theories.
Conclusion
On the one hand the preceding analysis revealed the great similarity of the microstructures of German mathematics textbooks. On the other hand it provides evidence that these structures correspond to theories of learning by J. F. Herbart and H. Roth respectively. This correspondence is not necessarily a matter of conscious imitation, but might be explained as an expression of cultural heritage or world knowledge. As Meyer (1987) points out, generations of German teachers were educated following the Herbartian tradition and thus the terminology that was formed by Herbart's followers is still in use, although it is scarcely remembered that it goes back to Herbart and his followers.
However, the theories by Herbart and Roth are models of processes. One fundamental aspect of a process is its temporal dimension. In a book the temporal dimension is transformed into a spatial arrangement. The temporal order of the phases of the process is translated into a spatial sequence of different structural elements. As a consequence, the units of mathematics textbooks might be labelled 'frozen lessons'.
The pivotal difference is that a temporal sequence is linear. The course of its phases cannot be changed. Whereas it is possible to change the sequence, or to skip parts, in a spatial arrangement. For example, Hacker (1980) as well as Love and Pimm (1996) describe, that students are often impatient with the introductory tasks or the exposition and skip to the kernels. As a consequence the flow of the lessons is changed and the lessons in textbooks might not be used as intended by the authors.
This raises the issue if a structure that relates to learning theories is an appropriate model for the microstructures of mathematics textbooks. Does this structure suit the way students utilize their mathematics textbooks? Do students read entire units and thus follow the flow of the 'lessons'? Are there microstructures that are more appropriate for the students' needs?
Since the utilization of mathematics textbooks by students has scarcely been investigated these questions cannot be answered so far. But, the impression arises that the so-called 'student's book' -as it is labelled by the publishers -is in fact a 'teacher's book', because it is the teacher who can transform a spatial arrangement back into a temporal sequence. And in fact, several studies have shown that this is a common way for teachers to utilize mathematics textbooks in order to prepare their lessons (cf. Bromme, Hömberg 1981 , Hopf 1980 , Stodolsky 1989 , Valverde, et al. 2002 , Woodward, Elliott 1990 .
